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11. Let x,y,z > 0 so that xy + yz + zx + xyz = 4. Prove that exists A4BC for which

a=W+2)(z+2)
b=(C+2)(x+2)
c=x+2)(y+2)
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Solution by Arkady Alt , San Jose ,California, USA.
l.a+b-c=0+2)C+2)+(+2)x+2)—-x+2)(y+2) =
dz—xy+xz+yz+4 =4z—xy+xz+yz+xy+yz+zx+xyz =
zy+2)(x+2)>0and, cyclicb+c—a>0,c+a—-b> 0.

2. Noting that* {(x,y,z) | x,y,z>0and xy+yz+zx +xyz = 4} =
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Letp =uv+vw+wu,q :=uw. Then (1 —u)(1 -v)(1-w) =p—gq,
3 lﬁu = 1_2p+3q, > 1;” = p—qu and inequality (1) becomes
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i<i_2_2(1_3p) ®2<L_2(1—3p).
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Since 3p < 1 (3(uv+w+wu) < (u+v+w)> = 1)we denote r := /1-3p.
17 p _ 2(1-3p)
3 2 P-4
because ¢ < p/9 3¢"® =u+v+w = 1and 3¢** = uv+vw+wu = p) then, using
(1-0)%(1+20)
27
u+v+w=1luv+vw+wu = p,uvw = ¢ in positive real u,v,w , we obtain

1-72 2(1_3.1;t2>

and showthat 1 +x+y+z < xyz+

weobtain 1+x+y+z<xyz+ =

—

Then p = ,where ¢t € [0,1).Since decreaseing > 0

inequality g <

which give us criteria of solvability Vieta's System
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Remark 1.

xy+yz+zx+xyz =4 = 8+4x+y+z)+2(xy+yz+2zx) +xyz =
R2+4x+y+z2)+(xy+yz+zx) & x+2)(+2)(z+2) =
x+2)+2)+(+2)E+2)+(2+2)(x+2) &
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Remark 2.

2

Using upper bounds for ¢ which give us inequality g < %and even more sharper



p2

inequality ¢ < -3 don’t give us desirable result. That is reason why was used
Y
the best upper bound a t)zgl +20) for g.
* Easy to see that system of equations x = vi”‘w V= Wzru ,Z = uzfv is solvable
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in real u,v,w iff

+

x+2 342 Ty = 1 which is equivalentto xy + yz + zx + xyz = 4 .



